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Figure 1. Example application: autonomous driving. The scene geometry defines the coordinate transform T¢F € SE(3) from road
frame (R) to camera frame (C'). Assuming a planar traffic sign and a pinhole camera model, the stop sign features (blue points) are
projected from the 3D world to the 2D image plane through projective geometry. Such a plane-to-plane mapping is a homography. We
then study the robustness of traffic sign recognition to uncertainty or perturbations on the camera pose and stop sign localization (magenta
ellipsoids). The formal verification of such homographies can support the certification of safety-critical applications in robotics.

Abstract

The adoption of vision neural networks in regulated indus-
tries requires formal robustness guarantees, especially in
safety-critical domains such as healthcare, autonomous ve-
hicles, and aerospace. However, current approaches are
confined to incomplete statistical verification or robustness
to {p-norm and affine transforms, which cover only a nar-
row subset of perturbations to the image formation process.
In particular, robustness to camera motion remains an open
problem despite being key to deploy many vision applica-
tions. We present a formal verification approach that targets
robustness against 3D motion perturbations of the captur-
ing camera. We first establish a closed-form mapping from
camera pose to pixel values. By analyzing the continuity
properties of the resulting homographies, we show that re-
cent work on Lipschitz optimization and piecewise continu-
ity can be extended to derive tight linear bounds on per-
turbed pixel values. Our approach applies to scenes with

predominantly planar structure, such as ground planes in
augmented reality, road markings and traffic signs in au-
tonomous driving, or planar workspaces in robotic manip-
ulation. This enables the first formal verification of projec-
tive geometry transforms, without complex simulation, sur-
rogate networks, or explicit image-formation models. We
validate our implementation and show up to 89% speedup
and 7% tighter bounds over prior work. We then eval-
uate our method on the VNN-COMP benchmark and re-
veal systematic weaknesses to projective perturbations. Fi-
nally, we demonstrate a real-world case study on a safety-
critical runway classifier, highlighting practical vulnerabil-
ities to camera motion, and addressing a key challenge in
the certification of learned models. Data and code are pub-
licly available at https://github.com/ jeangud/
homography-verification.
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1. Introduction

The deployment of deep neural networks in safety-critical
computer vision systems is rapidly accelerating across
diverse applications, from augmented reality and medical
imaging, to autonomous vehicles and aerospace (Fig. 1).
Deep learning has proven a key enabler, significantly im-
proving system performance and generalization [5, 14, 32].
However, these models exhibit instabilities and non-linear
behaviors [19, 45], complicating robustness analysis and
ultimately their regulatory compliance. Notwithstanding,
for these systems to be trusted and certified in regulated
domains, they require formal guarantees demonstrated
under foreseeable operational scenarios [50]. Such robust-
ness evidence is often produced by formal methods, which
provide strong mathematical guarantees on system outputs.

To date, formal verification for neural networks (VNN)
has largely focused on robustness against £,-bounded per-
turbations [9, 33], which act directly on the pixel space (e.g.
contrast, color). This approach may not model some sce-
narios where perturbations originate in the physical space
of the scene (e.g. viewpoint, shadows), before impacting
image formation. While a sufficiently large ¢,-ball might
contain the resulting images, it fails to capture the essential
constraints defining the transformation. This approach also
over-approximates the true manifold of perturbed images
(Fig. 2), leading to uninformative loose bounds that are
insufficient to prove network robustness [16, 37].

Consequently, verifying robotics applications requires
handling a comprehensive range of perturbations within the
Operational Design Domain (ODD), including 3D scene
transformations. In this context, homographies emerge
as a crucial class of transforms that capture perspective
changes: they describe the inherent projective mapping
between two different views of a planar surface [21]. This
plane-to-plane mapping is ubiquitous in computer vision
and is central to a vast array of use cases. For instance,
augmented reality applications track ground planes for
placing virtual objects. Autonomous cars identify planar
objects like traffic signs, billboards, and road markings
from various distances and angles. Similarly, tasks like
image stitching, robotic manipulation, and visual servoing
often depend on estimating homographies between views.

Existing research on 3D robustness is confined to either:
statistical methods, which provide weaker guarantees than
formal verification [39]; formal methods for 2D affine trans-
forms [7, 43], which cannot model perspective effects; or
complex simulations and explicit 3D scene models [25]. To
bridge this gap, we position homographies as a principled
and analytically tractable middle ground for predominantly
planar scenes (i.e. limited parallax and occlusion).

1 Manifold

® Sample images

® /,-perturbed images
2D-perturbed images
—@— 3D-perturbed images

Su[I ‘0]

Figure 2. The space of image perturbations (notional). Most
vectors in [0, l]h“” are noise (a). The subset of natural images
forms a complex manifold of lower dimension (grey surface), on
which lies our original image @¢. The ball B, (o, €) of £,-norm
perturbations (blue) can capture noise (b), hue (c) and brightness
(d) variations for example. Beyond B,(xo, ) and along con-
strained walks on the manifold, we may follow affine 2D perturba-
tions (green) such as translation or rotation (e). We also encounter
3D perturbations (red): the same scene captured from a different
perspective (f). Further on the manifold, lie more complex seman-
tic perturbations like lens flare or snow (g). More natural images
(e.g. different signs, cats) form other subsets of this manifold.

We propose the following contributions:

1. Formal verification of projective transforms: we de-
rive closed-form homographies induced by 6 DOF pose
perturbations. We show that these parameterized homo-
graphies are compatible with recent verification work us-
ing piecewise-linear constraints and Lipschitz optimiza-
tion. By extending these techniques, we derive provably
tight bounds on pixel values under non-affine transforms.

2. Implementation and integration with existing veri-
fiers: we propose an efficient implementation of our
method, introducing several accuracy and run time im-
provements to the PWL algorithm [7]. We also adapt the
VENUS verifier to handle piecewise linear bounds. We
profile and validate our implementation against PWL,
demonstrating faster run times and tighter bounds.

3. Benchmarking and case study: on VNN-COMP
benchmarks, we reveal systematic weaknesses of some
networks to 3D camera-motion perturbations. We also
instantiate our method on a runway visibility classifier,
illustrating how homography-based verification can re-
veal practical vulnerabilities in safety-critical percep-
tion, and address key regulatory certification challenges.
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Figure 3. Pixel values under perspective transform. As original image xo (b) undergoes a yaw angle perturbation k € B = [0°,10°],
we look at the values G574 () of pixel p = (34,47), the red square in transformed image (a). Transform T is a homography and,
as non-affine, is able to represent a change of perspective of the traffic sign. Applying the inverse transform, we find the corresponding
position T7' (k) = (34.4,53.5) in the original image, the red cross in (a) and (b). We then compute the transformed pixel value with
bilinear interpolation (zoomed region in (b)). As the yaw angle « varies, pixel p follows a non-linear behavior in position (magenta path
in (b)), and in values (c): transitioning from black (low values), to white (high values), to gray. Black padding is used to highlight the
transform, but other padding techniques are possible for a more realistic rendering (see supplementary material Sec. 9).

To obtain a pixel value in the transformed image, the cor-
responding coordinates in the original image are first com-
puted through the preimage as (ug,vo) = T 1(k). Since
(ug,vo) may not correspond to exact pixel coordinates, bi-
linear interpolation is often applied to neighboring pixels
for a better-looking result [7, Eq.2]. The pixel value in the
transformed image is thus obtained as G(k) = I (ug,vo):

2. Preliminaries

This section provides a brief theoretical exposition to key
components of our proposed method.

Neural network verification. Let Z = [0, 1]"** be the
set of all single-channel images of height h and width w.
Multi-channel images are handled by applying this setup to
each channel independently. We consider an original image
xo € Z which undergoes a geometric transform 7" (Fig. 3).
The parameters « of the transform are confined to intervals
B C R%. As k spans parameter space B3, the set of possible
images obtainable from xg defines the attack space:

Gi3(k) £ G(k) = 10T (k) )

Following [7], G(k) is then approximated by ¢
piecewise-linear bounds w, b € RY as:

3)

LB(k) = max;e[1,q] {Q;rn +£_)j} < G(K)
UB(k) = minjc[ 4 {ﬁ;—ﬁ +b;} > G(k)

Qp(xo) = {a: el ‘ Tij = Gz‘]’-(m);
(D

These linear bounds can then be propagated through neural
network verifiers to assure that the network output is
unchanged under the perturbation (e.g. [7, eq.1]).

Ve € B, VY(i,j) € [0,h] x [[O,w]]}

where G779 (k) is the value of pixel (i, j) in the image trans-
formed from x¢, by parameter «. Neural network verifi-

cation then over-approximates {25(xo) using linear bounds Homographies. A homography is a projective transfor-

for each pixel. To simplify notation in subsequent equa-
tions, we assume a fixed pixel (4, j) in the transformed im-
age x from x¢, and drop the indexing.

mation that maps lines to lines [21, Sec.2.3]. In the con-
text of computer vision, homographies arise in various sce-
narios such as central projection from 3D world to a 2D
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camera plane (i.e. pinhole camera model), or when taking
several images of the same planar surface. Using homoge-
neous coordinates, the homography between image points
Ppo = (ug,v9,1) " and p = (u,v,1) T can be represented as
a 3 x 3 matrix so that p = Hpg. In Cartesian coordinates:

Hi1uo+Hy 2v0+Hi 3

Hj3 1uo+Hz 2vo+Hsz 3

4
_ HoauotHszvo+Hzs )
H3 1uo+Hsz 2v0+Hs 3

u =

v

Affine transforms are a special case where H3 1 = H3z o =
0 and H33 = 1. For general homographies, this denom-
inator is not 1. It represents a normalization by the depth
along the optical ray, which models perspective distortions
introduced by the imaging process.

Lipschitz optimization. A real-valued function f :
B — R is said Lipschitz-continuous if its gradient is
bounded, intuitively it is “limited in how fast it can change”
(see Fig. 4b): 3L € Ry s.t. V (Ko, k) € B2,

[f(k) = f(Ko)| < L - ||k = Koll 5

This effectively bounds the values taken by the function
when stepping away from a given point Kkg:

F(ko) ~ L[k — kolly < F(k) < (ko) + L- & — roll,

(6)
Lipschitz maximization [3, 36] leverages this property: it
evaluates f at ngyis sample points in the search space, and
uses the Lipschitz constant to bound potential values of
the global maximum f* with the upper bound UB(z) =
min;e1,ny] (f () + L - [|# — x4]],) (see Fig. 4b). This
process is iterated to refine the solution until a convergence
criterion is met. In Batten et al. [7], the procedure is adapted

<e.

—

fr=r

to find an e-optimal value F such that

3. Method

This section outlines our approach: we first model pose per-
turbations and derive closed-form solutions for homogra-
phies which arise from the geometry of many robotics prob-
lems. We then adapt Batten et al. [7] to compute piecewise-
linear bounds for these non-affine transforms.

3.1. Parameterized homographies

We consider how ODD perturbations affect the projection
of a planar scene feature (e.g. ground plane, traffic sign,
road markings) onto the camera image plane (see Fig. 1). In
the scope of geometric transformations, such perturbations
can be a change in camera position, orientation, uncertainty
in feature location, etc. We assume the camera lens distor-
tion known, so that we can work with undistorted images
and camera rays (e.g. pinhole camera model). We also ne-
glect parallax effects so that there is no obstruction of the
scene feature by objects as the viewpoint changes.

Under these assumptions, the feature plane induces a ho-
mography between different viewpoints as the camera is
moving. From [21, Eq.13.2], this homography is given by:

H=K (R — ;tn—r> Ky! (7

with Ko [I|0] and K [R]t] the projection matrices of the

first and second viewpoint, and 7 = (nT,d)T € R*
the homogeneous vector of the feature plane such that
mTx = 0. All coordinates are expressed in the coordinate
frame of the first camera. We assume the camera not

aligned with the plane, ignoring the degenerate case d = 0.

We now derive the form of this homography for a plane
z = 0 in the world frame (W), thus given by 7"V =
(0,0,1,0)T. We use notations from Sec. 7 in the supple-
mentary material. We assume that both viewpoints are ac-
quired by the same camera so that K = K. The plane
equation becomes 0 = (WW)T W = (WW)T Tg‘ngO,
with Tg‘g = [Rlémt% —>Co} the passive homogeneous
transform from the first camera (Cj) coordinates, to the
world (W) coordinates. This gives the plane equation in
the first camera frame as (ﬂCO)T x¢ = 0 with 7€ =

(ng )T 7 [21, Eq.3.6]. The transform ng corresponds
to the first camera pose, and is parameterized by the camera
Euler angles roll ¢, 6, v for roll, pitch, yaw, and the transla-
tion by |/, = (z,¥,2)". Note that the rotation angles
are defined with respect to z-forward, y-right, as opposed
to the typical camera frame convention with z-forward and
a-right. In the same fashion, the transform from first cam-
era (Cp) to second camera frame (C') coordinates is TCC0 =
[R|t] = [RE, |ItS_,¢,]. parameterized by a delta in pose
(A¢, AG, Ah, Az, Ay, Az)". Overall, the homography
H (k) between two camera viewpoints is parameterized by
vector k = (Ap, A0, A, Ax, Ay, Az, ¢,0,¢, z,y, z)T,
and given by Eq. (7) with:

I 0 =
K=Ko=1|0 [ ¥ (7a)
00 1
R = R, (Mg, MG, Ay) (7b)
t=t& ¢, (Az, Ay, Az) (7¢)

n = (m,m,m3) andd = my (7d)

m=n% = [T (6,0,0,2,y,2)] = ()

with f the camera focal length and (x.,y.) the principal
point. The full expressions of R, and t&_, ., are given in
supplementary material Sec. 11.

We then restrict the perturbation space B to specific sce-
narios, which simplify the form of H (k). We focus here
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on an example perturbation A in yaw angle, with all other
A parameters set to zero. The result is given in Eq. (8) and
the complete derivation in supplementary material Sec. 12.
Note that since the camera center is fixed, Eq. (8) does not
depend on the camera pose (¢, 0,9, z, vy, z)T. This is a spe-
cial case where H = K RK ~! remains valid even if the
projected feature is non-planar [21, Sec.8.4.5]. Additional
scenarios are detailed in supplementary material Sec. 10.

H(r = A) =
i —f2_22)sin
oS (A¢) 4 e smf(Aw) 0 ( / cf) (Ay)
yesin (Ay) 1 veldcon (80) e sin (A
sin (;Aw) 0 oS (Aw) @ sinf(Aw)

®)

3.2. Homography verification

With H (k) known, the value of transformed pixel p =
(u,v,1) T is given by the preimage and interpolation from
Eq. (2). T~ is now the inverse of the homography Eq. (7),
as opposed to an affine transform. The pixel position
T~ (k) = po = (uo,vo,1) T in the original image is then:

(i) = (55 ) ©

with h = H (k) p. In our example of yaw deviation
Eq. (8) with k = A, this corresponds to:

fCOS (Al/))—(:L—LL) sin (Aw) (10)

UO(A'(M =Y+ f- Fcos (Ad,),(ug}c)sin D)

{UO(AZ/J) = g, + f - L3089 F(u—zc) cos (Av)

For verification, we then over-approximate G (Avy) =
I [ug(Av),v9(Ae)] with linear bounds that can be ef-
ficiently propagated through a neural network verifier.
Given the high non-linearity of geometric transforms,
especially with perspective distortions, piecewise-linear
bounds enable a tighter approximation of G(k).

Following Batten et al. [7], we first partition the param-
eter space B = |4 el B;. For each subdomain, we eval-
uate the pixel value function at ngs sample points, and de-
rive an unsound linear bound by minimizing the error to the
bound. For a lower bound, the relaxed linear program is:

. 1

(w;,Q;f) =argmin [ — -
n

w, 7§j s

[Gr) = (wj i+ by)]
ki €B;

(11)
An overall unsound bound LB is then obtained by combin-
ing the piecewise segments from all subdomains (Eq. (3)).
Following [7], we then apply Lipschitz maximization

(see Fig. 4) to cost function J(k) = LB(k) — G(k),

Require: J, B,e > 0
Ensure: estimated max. J* with certificate €

I: Jmax < 0
2: (Bi)ieﬂl,nxpms]] + split (B)
3: while Card (B) > 0 do
4 Bj < pop [(B:),]
5: ~7samples < sample (J, BJ)
6: Jmax max({Jmax} U L7samples)
T
7. L < sup,cpis(s) Vil (k)¢
8: [KQ, K/n} < Bz
9: Jbound — 7‘](;0) + J(’;n) + % . ||K'/n - K/OH
10: if Joound > Jmax + € then
11: B+ B U split(B;)
12: end if
13: end while
14: return J* = Jynax + €
(a) Algorithm
0.4 <
— J(k
0.3 4 (%)
. B Samples
X o924 - Lipschitz property
2 Bounds .
.8 0.1 _\ —— Upper bound
=
.2
=
o)
=]
3
S)
M
—0.4 T

T T T T T
0.000 0.025 0.050 0.075 0.100 0.125 0.150
Transform parameter

(b) Visualization

Figure 4. Lipschitz optimization. Adapted from [7], procedure
4a finds an e-maximum of function J. On Fig. 4b, a few samples
(black) approximate the true function (magenta). The Lipschitz
property of J constrains, with slope L, possible values for the
function (gray bands). In this example, since the maximum of the
Lipschitz bound (black) is above Jmax + €, the interval is split a
few more times to better estimate Jmax, and capture a e-optimum.

which represents the bound violation. By find-
ing an analytical e-majorant J*, we can guarantee

VK, J(k) < T +eo Vi, LB(k) — (f +e) < G(k).

The shifted bound LB () = LB(k) — (" +¢) thus
constitutes a sound lower bound to GG. A similar procedure
is followed for the upper bound. Batten et al. [7] showed
that for a given number of splits, the derived bounds are
optimal, irrespective of the downstream robustness task.

The missing argument is then to find a valid upper bound
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to the Lipschitz constant. In [7], it is estimated with the di-
rectional gradient as Ly, = sup.cpig(s) | Vi (k) - €m|
for coordinate m. We extend this formula in the case of
homographies where the denominator h3(x) may render G
non-continuous (Eq. (9)) and break its Lipschitz properties.
With additional scenarios developed in supplementary ma-
terial Sec. 10, our yaw perturbation gradient from Eq. (8) is:

P+ w—z.)?]
[f cos (Ay)—(u—=) sin (Ay)]?
f(v—yc)[f sin (AY)+(u—z.) cos (Ay)]
[f cos (Ag)—(u—=z) sin (Ag)]?

VZwal (Ay) =

12)
From Eq. (10) we first notice that 7! is not continuous at
the critical angle Ay, = arctan (ﬁ) if u # x., and

5 otherwise. Thus Diff(B) = B\ {A¢, (mod 7)}. For
the scope of small yaw perturbations around Ay = 0°, the
pixel-dependent critical angle does not belong to the param-
eter space 3. We also note that for diverging pixel coordi-
nates at A, the pixel function G would remain bounded
as the interpolation uses padding values. In practice, we
found |Av, | € [72°,90°] ¢ B. With Diff (B) now defined,
we derive candidate locations for maximum gradient values
(proof in supplementary material Sec. 14). From Eq. (12),
and for B = [AtYmin, AVmax]:

arg max ‘Vmpuo (Azb)‘ €
ApEDIf(B)

{Awminv Awmax, arctan (%J:U) mod 7T}

arg max ‘Vm;,vo (Aib)‘ € {AYmin; AYmax}  (14)
ApEDIfE(B)

13)

For the gradient of the discontinuous interpolation func-
tion, we use the maximum gradient from the different inter-
polation regions [6, 7]. Finally, remembering our notation
simplification G = Gfg, the process is repeated for each
pixel (4, j) to obtain bounds for all pixels of the transformed
image. These bounds are then passed to a verifier to guaran-

tee the network output is unchanged under the perturbation.

4. Evaluation

This section introduces our experimental setup and results.
Experiments are performed on a laptop using an Intel i7-
13800H processor (20 threads, SGHz), 32GB RAM, and a
NVIDIA RTX 2000 GPU (driver 550.120, CUDA 12.4).
Datasets. We evaluate our method on the VNN com-
petition benchmarks [9]. We choose datasets of increas-
ing complexity (model and image size) that are relevant
to robotics applications: digit classification (MNIST), ob-
ject recognition (CIFAR-10), and autonomous driving (GT-
SRB). We use 100 images from each test set, and estimate
the focal length to yield reasonable angular perturbations
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Figure 5. Example bounds. Pixel values (magenta) are over-
approximated. Unsound bounds (dashed) are shifted to sound
bounds (solid) by Lipschitz optimization. Depending on complex-
ity, curves have zero (linear), one (PWL [7]), or two splits (ours).

that are similar between datasets (see supplementary mate-
rial Sec. 10). Additionally, we use a runway visibility clas-
sifier developed on the LARD dataset [14].

Verification. Our bounds are solver-agnostic, decou-
pling transformation modeling (front end) from the net-
work verification engine (back end). We choose VENUS as
the only baseline supporting a MILP formulation for com-
plete robustness of piecewise-linear bounds. We enhanced
its bound-propagation framework to derive pre-activation
bounds from linear input constraints rather than fixed inter-
vals. This enables VENUS to construct tighter ReL.U relax-
ations and better constrain the underlying MILP problem.

Metrics. First, we evaluate our method independently of
any downstream verification task: polytope tightness, num-
ber of branch-and-bound steps (BaB), and run time per im-
age. Then, we use our bounds to evaluate model robustness:
we measure average run times, and number of robust cases
(i.e. a correct model output is unchanged by the transform).

Validation. Analytical Lipschitz constants were val-
idated with finite differences by oversampling the pixel
curve. Unit tests validated VENUS [8] modifications for
piecewise-linear bounds. For re-implementing PWL, we
profiled the code and enforced bit-identical results at multi-
ple stages of the algorithm, before adding our modifications.

4.1. Comparison to Batten et al. [7]

We re-implement PWL [7] to handle perspective transforms
by adding closed-form homographies, associated gradients,
and Lipschitz constants. Accuracy and exactness are im-
proved through algorithmic changes: 1) half-pixel correc-
tions for exact gradients; 2) inclusion of omitted « values
in Diff (B) to yield extra Lipschitz constant candidates; 3)
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dichotomy on B from the first iteration, reducing branch-
and-bound steps; 4) tighter bounds by using ¢ = 2 for both
upper and lower bounds; and 5) parallelization at the pixel
level. Since PWL supports only affine transforms, we com-
pare implementations under 2D rotations (Tab. 1).

MNIST CIFAR-10
5 degrees PWL Ours PWL Ours
Polytope area (x10™°) | 948 9.42 10.94 10.83
BaB steps | 1240 17.5 1240 355
Time (s) | 87.6 7.0 9103 987
Time @ fixed BaB (s) , 87.6 129 9103 148.1
20 degrees
Polytope area (x10-2) | 9.33 881 151 14.0
BaB steps | 137.0 725 1242 90.5
Time (s) | 90.3 36.2 891.0 530.9

Time @ fixed BaB (s) | 90.3 24.0 891.0 415.2

Table 1. Average performance comparison with PWL [7].

High run times are intrinsic to complete branch-and-
bound verifiers; no cheaper alternative provides complete
certificates to piecewise-linear bounds. Our implementation
reduces BaB iterations by more than 71% on small trans-
forms, for an 89% total speedup. On larger transforms, this
fades to 40% as the overhead of splitting non-converging
candidates becomes dominant. At a fixed BaB budget, our
per-pixel parallelization is still 53-85% faster. The choice
of ¢ = 2 yields marginally tighter bounds for small trans-
forms, and up to 7% on more complex pixel curves (Fig. 5).

4.2. VNN competition benchmarks

We perform the first robustness evaluation of the VNN
benchmark networks [9] against perspective transforms. We
generate and propagate bounds through VENUS to verify
network robustness against the benchmark specifications
(Tab. 2). We use black padding, a Lipschitz-error of 0.01,
and 5, 000 maximum BaB iterations.

Perturbation B MNIST CIFAR-10 GTSRB
A (roll) 0,5]° 61 69 0
A0 (pitch) 0,5]° 5 10 0
A (yaw) 0,5]° 25 7 0
Ax 0,1l m 50 21 0
Ay 0,1]m 73 83 0
Az 0,1]m 53 24 0
Generation time (s) | 42.0 1858.6 292.6
Verification time (s) | 8.23 41.33 5323.8
Total timeouts | 0 2 178

Table 2. Ratio (%) of robust cases to non-affine perturbations.

Tab. 2 shows that even PGD-trained networks can be
highly vulnerable to 3D geometric perturbations. MNIST
and CIFAR models are less robust to pitch, yaw, Az and Az
transforms than to the £,-norm perturbations reported in [4].

Roll and Ay perturbations appear more robust since, under
our assumptions, they correspond exactly to affine trans-
forms (rotation and shear, Sec. 10) better approximated by
¢p-norm attacks and commonly included in data augmen-
tation. More surprisingly, the autonomous-driving models
exhibit no certified robustness to 3D perturbations on GT-
SRB, reinforcing prior evidence that these networks lack
robustness even to simpler £,-norm attacks [9, 30].

4.3. Case study: runway visibility

Following current aviation safety recommendations [1, 2],
we illustrate our method on a low-criticality application: a
binary classifier that predicts runway visibility, informing
the pilot’s decision to continue the approach or initiate a
go-around. The network was trained on LARD [14] with-
out robustness objectives. Applying our homography-based
verification, we found limited robustness: only 16% of test
images were certified under 10 cm translations and 1% un-
der 1° rotations. This underscores the difficulty of achieving
robustness to camera motion even in simple classifiers, and
motivates future work on robust training in this setting.

4.4. Sensitivity and limitations

Amplitude. Large transforms exacerbate the non-linearities
of the pixel curve and complicate its approximation by
piecewise-linear bounds. Tab. 3 shows how certified robust-
ness decreases with amplitude. This is a well-known chal-
lenge in formal verification, typically addressed through in-
put splitting [52, 55] by partitioning the domain into smaller
intervals: a near-linear regime precisely consistent with ho-
mography modeling and our planar assumptions.

Yawangle 1° 2° 3° 4° 5° 10° 15° 20°
Verified (%) 76 68 57 41 25 O 0 0

Table 3. Robustness to yaw amplitude on MNIST.

Padding. Bilinear interpolation uses a padding value to
fill in missing pixels transformed from outside the original
image bounds (Fig. 3). Tab. 4 shows how padding that du-
plicates image content offers better robustness than padding
with stark borders, which induce distribution shift. While
black padding remains standard in benchmarks and aligns
with CIFAR/MNIST training augmentations, it risks ex-
posing GTSRB models to border artifacts (e.g., vignetting)
rather than geometric shifts. However, substituting realis-
tic reflection padding yields unchanged experiment results,
reiterating the known brittleness of these networks [9, 30].

B Black Gray Replicate Reflect Wrap
[0,2.5]° 34 33 42 42 35
[0, 5]° 7 7 8 9 7

Table 4. Robustness to yaw padding on CIFAR-10.
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5. Related Work

We focus on the verification of pre-trained models, without
considering robust-training techniques [56].

Robustness of neural networks. Neural networks,
while capable of approximating complex functions, ex-
hibit inherent instability stemming from repeated compo-
sitions of linear and non-linear operations [19, 45]. This
vulnerability to input perturbations raises significant con-
cerns about their reliability in safety-critical applications
in the real-world, where inputs are subject to noise, distor-
tions, or adversarial manipulations. Verification thus aims
to provide robustness guarantees against input perturba-
tions [26, 33, 34]. Without loss of generality, most methods
focus on the feed-forward fully-connected architecture [26].

£,-norm perturbations. In this context, robustness to
{,-norm perturbations is often modeled as an optimiza-
tion problem [33]. Incomplete verifiers scale to large vi-
sion models, but may not always provide conclusive an-
swers. In contrast, complete verifiers such as Reluplex [29],
Marabou [52], or VENUS [8] focus on exact formula-
tions through satisfiability modulo theory (SMT) or mixed-
integer linear programming (MILP). They provide defini-
tive satisfiability answers but are limited to small networks.

Interval bound propagation (IBP), used in Deep-
Poly [43] and Lipschitz-based methods [7], offers faster
verification by relaxing the ReLU polytope, but often
over-approximates the underlying optimisation constraints.
Probabilistic methods [39] scale well and can handle ar-
bitrary black-box architectures, but provide weaker, prob-
abilistic guarantees than formal methods. The Branch-and-
bound (BaB) paradigm combines complete and incomplete
verification, thereby scaling to large models while still pro-
viding definitive robustness answers. BaB is the current
state of the art, with a-3-CROWN [42, 49, 54, 55, 57, 58]
dominating the past few VNN-COMP leaderboards [9].

Despite significant progress in £,-norm verification, re-
cent work has highlighted its limitations in capturing the
complexity of real-world perturbations [37]. As illustrated
in Fig. 2, the space of possible perturbations extends far
beyond the confines of £,-balls [13, 16]: pixel flow [53],
data augmentation [18], multi-norm [27], universal adver-
sarial perturbations (UAPs) [38], distribution [51], Wasser-
stein W)-balls [44], composition [22], etc. In particular,
£,-bounded attacks cannot directly model geometric pertur-
bations such as changes of the camera viewpoint.

Geometric perturbations. Through non-linear map-
pings of pixel coordinates, geometric transformations ex-
acerbate the inherent non-linearity of neural networks, and
their vulnerability to input variations [16, 17, 28, 33]. While
the set of rotations of an image does not form an £,-ball,
a common approach consists in bounding the rotation pa-
rameters to retrieve a problem formulation that is compati-

ble with £,-norm verifiers [43, 48, 56]. Balunovic et al. [6]
linked geometric parameter to pixel value bounds but for 2D
transforms only. They also contributed a method for veri-
fying bilinear interpolation, commonly used with geometric
transforms. Batten et al. [7] achieved tighter bounds by em-
ploying piecewise-linear approximation and Lipschitz opti-
mization, again for 2D transforms. Their approach general-
izes to matrix-defined affine transforms [0, 15, 22, 31].

Beyond affine transforms, Hu et al. [23, 24, 25] ver-
ify models against camera motion perturbations with pixel-
wise smoothing, but require a point cloud of the scene.
The Lipschitz procedures from DeepGO [40] and GeoRo-
bust [47] are used to analyze the robustness of the network,
rather than for linearly approximating the input bounds as
we propose. ManiFool [28] models projective transforms
by traversing the perturbation manifold to find counter-
examples. However, the resulting metric is difficult to
compare with standard robustness specifications (e.g., class
score margin). Hanspal and Lomuscio [20] abstract com-
plex 3D transforms through an encoding head, and verify
specifications in the resulting latent space. This approach is
very efficient but modifies the network, and does not lever-
age potential closed-form solutions.

Homographies in safety-critical applications. Homo-
graphies are central to many robotics and vision systems
that exploit planar geometry. In autonomous driving, in-
verse perspective mapping (IPM) uses a ground-plane ho-
mography to generate bird’s-eye-view representations for
lane detection and scene understanding [10, 35]. In robotic
surgery, homographies support calibration to align robot-
mounted cameras with the workspace [46], and augmented
reality to overlay anatomical models from endoscopic or X-
ray views [12]. Finally, for autonomous drones, vision sys-
tems often detect a known planar pattern (e.g., an AprilTag
marker or helipad) and use homographies to estimate the
vehicle’s relative pose for landing [11, 41].

6. Conclusion

Moving beyond the limitations of £,-norm and affine ro-
bustness, we propose the first general framework to for-
mally verify 3D projective transforms, with applications
across core computer-vision and robotics settings (e.g. aug-
mented reality, autonomous vehicles, and manipulation).
Our work derives closed-form homographies from 6-DOF
camera pose and extends the PWL algorithm to compute
provably tight pixel bounds, achieving up to 89% faster run
times and 7% tighter bounds. Our experiments reveal pre-
viously unreported vulnerabilities of benchmark networks
to 3D camera motions. Finally, a case study on a runway
classifier illustrates how homography-based verification can
be applied to perception modules in aerospace, marking
progress towards the certification of Al-powered systems in
safety-critical applications.
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